Abstract. For 0 < p < 1 we describe the dual spaces and Banach envelopes of the spaces H p,q for finite values of q and for H p,∞ 0 , the closure of the polynomials in H p,∞ . In addition, we determine the s-Banach envelopes for the spaces H p,q in the cases 0 < q < p < s ≤ 1 and 0 < q < p ≤ s ≤ 1. §1. Introduction 
, the closure of the polynomials in H p,∞ . In addition, we determine the s-Banach envelopes for the spaces H p,q in the cases 0 < q < p < s ≤ 1 and 0 < q < p ≤ s ≤ 1. §1. Introduction For 0 < p ≤ ∞, let H p be the usual Hardy space of analytic functions on the unit disc U . A well-known theorem of Duren, Romberg, and Shields [4] describes the dual of H p for the range 0 < p < 1. This paper presents an extension (Theorem 1 below) of that result to the class H p,q of Hardy-Lorentz spaces on U . Determining the dual of a quasinormed linear space X is closely related to determining the Banach envelope, or 1-Banach envelope, of X. For 0 < p < s < 1 Aleksandrov [1] and Coifman and Rochberg [2] independently determined the s-Banach envelope of H p . Theorem 2 below does the same for the spaces H p,q if 0 < q < p < s ≤ 1 or 0 < p < q ≤ s ≤ 1. Before stating our results we introduce some definitions and notation.
Let m denote normalized Lebesgue measure on the boundary T of U , and for a measurable function f on T, let λ f denote the distribution function of |f | with respect to m. That is, λ f (s) = m({z ∈ T : |f (z)| > s}), s > 0.
For 0 < p, q ≤ ∞ and a function f measurable on T, the Lorentz functional · p,q is defined at f by
and
Following one of the usual definitions of H p , we define the Hardy-Lorentz space H p,q to be the space of functions f in the Smirnov class on U such that the radial limit functionf of f satisfies f p,q < ∞. Then H p,q is, in an obvious way, a quasinormed space. We write H p,∞ 0 for the closure in H p,∞ of the polynomials.
We begin by defining a class of mixed-norm Bergman spaces: for a continuous function f on U and for 0 < r < 1 and 0 < p < ∞ define M p (r, f ) to be, as usual,
With M ∞ (r, f ) defined in the standard way, for 0 < p, q ≤ ∞ and for α > 0, let H(p, q, α) be the space of holomorphic functions f on U for which the quasinorm given by
For β > 0 and a holomorphic function
Let D β and D β be the associated operators so that, e.g., 
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Before stating Theorem 2 we recall the definition of the p-Banach envelope of a quasinormed space X: Fix p ∈ (0, 1). For x ∈ X define 
p is called the Banach envelope of X and, for x ∈ X, the norm x X1 is equivalent to sup{|φ(x)| : φ ∈ X * , φ ≤ 1}. Using Theorem 1, it can be shown that, for 0 < p < 1 and 1 < q < ∞, we have
The following result is an analog of this for some other values of the indices. As previously mentioned, the portion of the theorem corresponding to case (ii) is known and due to Aleksandrov [1] and to Coifman and Rochberg [2] .
Theorem 2. Fix p ∈ (0, 1) and suppose one of the following holds:
The remainder of this paper is organized as follows: §2 contains the proofs of Theorems 1 and 2 while §3 contains proofs of certain lemmas used in §2. §2. Proofs of Theorems 1 and 2
Proof of Theorem 1. We prove (i) first. Suppose f ∈ H p,q , g
by Hölder's inequality. Now it follows from Lemma 1 below (proved in §3) that
p,q and (1) follows.
Then there are the following continuous embeddings:
To prove (ii), let φ, {a k }, and g φ be as in (ii) (2) .
The first part of the proof of (2) follows [4] . Suppose f ∈ H p,q * has Taylor series
In particular, if we take for f (z) the function
, it follows that
A computation shows that
This gives (2) in the case q ≤ 1 (and is essentially the argument from [4] ). So assume that 1 < q ≤ ∞. Since now q * = q it is required to establish
Fix an arbitrary > 0. We begin by estimating
Thus (2 ) will follow from
Now let α = {α n } be an arbitrary sequence in the unit ball of q . To establish (4) it is enough to bound
by C( , p, q) φ . Choose sequences β = {β n } and ξ = {ξ n } of unimodular complex numbers such that, if σ n = α n β n and w n = (1 − n )ξ n , then (5) has the form
Recall that
and, for any positive integer N , define
We require the following result (which is proved in §3):
. If q < ∞ and s ∈ q or if s ∈ c 0 , then the series converges in the appropriate quasinorm.
This result implies that F
for all N . By the choice of β and ξ, this yields the desired bound for (5) and therefore completes the proof of Theorem 1.
Proof of Theorem 2. The proof of Theorem 2 requires two lemmas about fractional integration. The first is an extension of a result of Hardy and Littlewood ( [6] , Theorem 33) and is proved in §3; the second is a consequence of Theorems 3 and 5 in [9] .
Lemma 4. Suppose 0 < p, q ≤ ∞, 0 < σ < α < ∞, and β > 0. Then the mappings
In Theorem 2 consider first the case 0 < q < p < s ≤ 1 and put α = 1/q − 1/p. By Lemma 2,
It is easy to see that this implies the existence of a unique continuous linear exten-
Since 0 < q < p, we also have
This completes the proof for the case 0 < q < p < s ≤ 1. For the case 0 < p < q ≤ s ≤ 1, Lemma 1 gives
and the result follows immediately from [
§3. Proofs of supporting results
The following results about interpolation by the real method will be important tools in this section.
Lemma 5. Suppose 0 < p j , q j , q ≤ ∞ for j = 0, 1, p 0 = p 1 , and 0 < θ < 1. Let
Then, with equivalent quasinorms, we have
A reference is [7] , where the result is proved for spaces of functions on the halfplane and it is noted that the version for the disk follows by conformal invariance. We will also require a similar result for our mixed-norm Bergman spaces. 
Proof of Lemma 1. It is enough to prove (i) in the case t = q. If p = q, then (i) is a result of Hardy and Littlewood (see [3] , Theorem 5.11). In general, choose p 1 and p 2 such that 0 < p 1 < p < p 2 < s. Interpolating the two embeddings
, and so Lemmas 5 and 6 give (i). Then (ii) follows also since the polynomials are dense in both H
Proof of Lemma 2. We begin with a lemma for the case q = ∞.
Lemma 7.
Suppose 0 < p ≤ 1 and 0 < < 1. Fix a sequence ξ = {ξ n } of points in the unit circle T, and let s = {s n } be a sequence in
Then, recalling that m is normalized Lebesgue measure on T,
(m) and lim
Proof of Lemma 7 .
The following estimates are not difficult to obtain:
where C will denote a positive constant depending only on p and which, however, may increase from line to line. Now, from (6),
, where C 1 = 1/(1 − 1/p ). Put
and G N,∞ = G − G 1,N . We will estimate the distribution functions λ G of G and λ GN,∞ of G N,∞ . It follows from (8) that λ G (t) ≤ λ GN,∞ (t − t N ) if t ≥ t N and so (9) λ G (2t N ) ≤ λ GN,∞ (t N ).
It is proved in [8] that the quasinorm · q,∞ is q-convex. Thus, using (7), there is C such that Proof of Lemma 3. The proof of Lemma 3 parallels the proof of Lemma 1: The corresponding version for H p spaces is due to Hardy and Littlewood [6] , and the present result follows from interpolation and Lemma 5.
